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Abstract 

In this paper, the generalized coherent state for quantum systems with degenerate spectra is 
introduced. Then, the nonclassicality features and number-phase entropic uncertainty relation 
of two particular degenerate quantum systems are studied. Finally, using the Gazeau-Klauder 
coherent states approach, time evolution of some of the nonclassical properties of the coherent 
states corresponding to the considered physical systems are discussed. 
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1 Introduction 

Generalized coherent states for solvable quantum systems with nondegenerate discrete energy spectra 
have been studied by us in [1 . The initial attempts to study the coherent states for quantum systems 
with degenerate discrete spectra were made by Kluader [2!. Later, Crawford constructed generalized 
coherent states corresponding to these systems based on the Perelomov coherent states 3J. Almost at 
the same time, Fox and Choi introduced another generalized coherent states for systems with degen- 
erate energy spectra have been called Gaussian Klauder coherent states [4]. Then, Ali and Bagarello 
constructed vector coherent states of the Gazeau-Klauder type in the presence of degeneracies • Co- 
herent states for hydrogen atom as a degenerate system has been introduced in (Hj. Recently, Dello 
Sbarba and Hussin studied new generalized and Guassian coherent states for quantum systems with 
degenerate spectra [7]. In the present paper, we will introduce generalized coherent states and study 
their nonclassicality features using the "nonlinear coherent states" approach when degeneracies in the 
energy spectra are present. 

The paper is organized as follows. In section 2, we introduce the general formalism for generalized co- 
herent states corresponding to solvable quantum systems with degenerate spectra. The nonclassicality 
criteria of the obtained states are discussed in section 3 by Mandel parameter, quadrature evaluating 
squeezing and squeezing properties in phase or number operator, in addition to number-phase entropic 
uncertainty relation. Then, in Section 4 the presented approach is applied to a particle confined in a 
two-dimensional box and three-dimensional harmonic oscillator, and next the nonclassicality of their 
associated coherent states is investigated, numerically. Finally in section 5, with the help of Gazeau- 
Klauder coherent states formalism jS] , the dynamical evolution of the states will be introduced in section 

2 are considered and based on this recognition [9l [10] , the time evolution of nonclassical features and 
number-phase entropic uncertainty relation for the considered degenerate physical systems are studied. 



2 Generalized coherent states for solvable quantum systems 
with degenerate spectra 

Recently, we have introduced the generahzed coherent states for any arbitrary solvable quantum system 
in terms of its nondegenerate discrete spectrum, using the nonlinear coherent states approach as follows 

|z,e„)=A/;(|^|^ri/2 5]-^|n), (1) 

where 

,2n 



n— 

and [e„]\ = e„e„_i...ei with [eg]! = 1. Without loss of generality, it has been assumed that in the states 
([T]) the fundamental energy is zero and the others are in increasing order, i.e., 

eo = < ei < 62 < ... < e„_i < e„ < ... . (3) 

But, clearly one can not use ([T]) as the associated generalized coherent state for the Hamiltonian of 
physical system having a possibly degenerate energy spectrum like 

eo < ei < 62 < ... < 6„_i < e„ < ... . (4) 

To overcome the problem, following the Dello Sbarba and Hussin approach, by rearranging the degen- 
erate energy spectrum Q in increasing order one can redefine the corresponding spectrum as [7] 

Pa = < pi < P2 < ... < Pn-l < Pn < ••■ , (5) 

where each energy /?„ is degenerated dn times. It is worth to mention that the original spectrum has 
been shifted, so that the fundamental energy would be equal to zero. Now, based on the presented 
suggestion in [FIE], we pick an orthonormal basis \n,p) from the energy eigenstates \n), associated 
to each energy level p„, where p takes integer values between and dn — 1 5J. Also a real phase 
rjn G [0, 27r] is introduced for each n. We thus associate with each energy pn a single state, constructed 
as a superposition of the states \n,p) as [7] 

d„-l 

\n,dn,Vn) = X] *3xp(ip77n)|n,p), (6) 

p=0 

such that 

{n,dn,r]n\m,dm,r]m) ^ dnSnm- (7) 

Note that the states |n, d„, 77^) are orthogonal, but not normalized to unity. Now, we are ready to define 
the generalized coherent states for such quantum systems by 

\z,{pn},v)^Ki\^\T'^'T.^^\n,dn,Vn), (8) 
with the normalization constant given by 

00 I |2ti 

A/'p(kn = E riT'^"' (9) 

n=0 ^^"J- 

where [p„]! = PnPn-i---Pi and the set {pn} contains p„, p„-i, pi- In the introduced state (|8|, the 
whole set of rjn has been denoted by the infinite dimensional vector rj. It is worth to mention that in 
the presented approach, we supposed that the degeneracies are finite (d„ < co). 
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3 Nonclassical properties 



In this section, some of the nonclassical properties of the introduced state will be discussed. For 
this purpose, we will discuss Mandel parameter, quadrature squeezing, number-phase squeezing of the 
general states ([8|. After all, the number-phase entropic uncertainty relation is also studied. 

3.1 Mandel parameter 

The number operator for physical systems with degenerate spectrum may be given by 

oo 

Nd = ^ — \n,dn,rin){n,dn,r]„\. (10) 

n—1 

By the subscript D (here and in the rest of the paper) we want to emphasize on the presence of the 
degeneracies. Clearly, the case dn = 1 recovers the usual number operator for nondegenerate case. It is 
easy to check that 

iV^ln, rf„,77„) = n|n, d„,7?„). (11) 
In this case the Mandel parameter may be defined as [TT] 

- ^v^^ 1- (12) 



With the help of ( 11 1, one simply has 



n=0 

and similarly 

{ND ^ {z, {p„}, rj\Nh\z, {pn}, ri) = Ki\^\'r' E 5"'^- (1^) 



n=0 



The Qd quantity determines the quantum statistics of the radiation field states, i.e., it is super- 
Poissonian (if Qjj > 0), sub-Poissonian (if Qd < 0) and Poissonian (if Qjj = 0). 

3.2 Quadrature squeezing 

We define the following annihilation and creation operators associate to any quantum systems with 
degenerate spectrum 

Ad = jHp,^^-^Yl |n,d„,77„)(n+ 1, d„+i, 77„+i |, (15) 



= J^PnYl T-i \n + l,dn+i,rin+i){n,dn,-qn\, (16) 

n— 

where two positive operators, Hp^ and Hp^j^-^ are distinctly defined as 



n—1 ^ 

and 

oo 

Hpn+i = ^^^^\n,dn,'qn){n,dn,r]n\- (18) 
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The definitions (151 and ( 16 ) may also be verified with the definition of Hermitian conjugate of operators. 
It is worth to notice that (^^)^ = Ajj. Indeed, we required this property which guarantees the 



hermiticity of tlic operators X and V which will be used in ( 22 ) . The following relations hold 



AD\n,dn,rin) = y/fin\n - l,d„_i,r/„_i), 

A^jj\n,dn,r]n) = + I, dn+l,T]n+l) , (19) 

«n+l 

and 

HD\n,dn,T]n) = pn\n,dn,rin), (20) 
where Hiy is the Hamiltonian for degenerate system 

oo dji — l 

HD^Y.Pr^Y.\'^^P)^'^^P\- (21) 
n— 1 p— 

It is clear that the introduced states in ([s]) is the right eigenstate of annihilation operator defined in 



(19), i.e., Ad\z, {pn}, v) — z\z, {p„}, rj). With the help of (19 1 one can easily verify that the generalized 



coherent state ([8|) minimizes the Heisenberg uncertainty relation 

{AXr{Arr>\\{[X,V])\\ (22) 

and we particularly have (AX)^ = {AVf = \ \ {[X,V])\ with X = {Ad + A^d)/^ ^nd V = {Ad - 
A^)/i\/2 as two Hermitian operators. Therefore, no quadrature squeezing occurs for generalized co- 
herent states associated to any degenerate quantum systems. Moreover, these states may be called as 
intelligent states [T^fT^ . 

3.3 Phase properties and number-phase squeezing 

According to the Pegg-Barnett formalism, a complete set of (s + 1) orthonormal phase states Op may 
be defined by [2] 

1 

l^m) = V'exp(m^„)|n), (23) 

^ 71 — 

where {|'t^)}^=o number states set with no degeneracy and 9m is given by 

27r771 

Om = eo + —-, m = 0,l,...,s, (24) 
s + 1 



with arbitrary value of 9q. The Hermitian phase operator based on the phase state (23), is then defined 
as 



(25) 



m=0 



Phase properties of nonlinear coherent states and coherent states associated to solvable quantum systems 
with nondegenerate spectra have been studied in the literature (UlIl]. Analogously to the phase state 



definition in (23), we can now introduce the following phase state and phase operator for a physical 



system with degenerate spectrum 

1 exp (m0. 



^mjD — 



— |r7.,d„,77„), (26) 

-1- „ V (In. 



m=0 



9m\dm) DD{9m\- (27) 
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Thus, the Pegg-Barnett phase probabiUty distribution of the generaUzed coherent states may be defined 
as 



Poie)^ lim l±l|^(0,„|z,{p„},^)|2, 

s— >-oo ZTT 



(28) 



Using (|8|) and (26) in (28) one straightforwardly arrives at 



ZTT 

27r 



(29) 



rfnt^fc COS [(n - fc)(?] 



n k<n 



[PrMPk] 



where the terms corresponding to n = fc and n ^ k were written separately. Finally, with the help of 
([9]) we will obtain 



cos [{n — k)6] 



(30) 



On the other side, the number and phase operators satisfy the following uncertainty relation 

{{/\<j^ff){{^ND?)>\\{[ND,cp^])\\ 
where analogously to nondegenerate case it may be easily proved that [14] 



(31) 



(32) 



If {{I^NdY) < \\{[ND,4>e])\ or {{Mef) < l\(i^D,(l)g])\ the squeezing occurs in number or phase 
operator, respectively. The phase variance for generalized coherent states (18]) is given by 



n k<n 



dndk » ♦fc ("l)" 



(33) 



in which (30) is used. With the help of (13 1 and (14), the number variance is given by 



lPn\- \ „ [Pn\- 



(34) 



To study the squeezing in number or phase components, the following number and phase squeezing 
parameters may be used 



_ 2((AjV^)^) 
^ 2((A0f)^) 

If Sn < (5*0 < 0) then the associated state is number (phase) squeezed. 



(35) 
(36) 
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3.4 Number-phase entropic uncertainty relation 

Let A and ;B be a pair of conjugate observables defined on an (s + f) -dimensional space, each with 
complete set of eigenstates |a„) and |6„) respectively, satisfying the eigenvalue equations [TOl [T5] 

y4.|a„) = a„|a„), 6|&„) = 6„|6„), (37) 

where the discrete eigenvalues read as 

an = ao + - — bn = foo + (38) 
(s + 1)13 

with ao, 6o and /3 as real constants. If the probability that a measurement of A gives the result a„ is 
denoted by Paian)-, with similar expression for B, then the "Shannon entropies" associated with the 
probability distributions for A and B were defined as [T7] 

s 

5^ = -^Pa(a«)ln/'a(a„), (39) 
^6 = -5I^^(^01nn(&„). (40) 

n=0 

Kraus [15] and Maassen [TH] found a uncertainty relation for these entropies which is dependent on the 
dimension of the space. Vaccaro et al. modified the definition of entropy and obtained a bound that is 
independent of dimension s [5D]. Based on their proposal, the differences 5a = 27r/[(s-|- l)/3] and db = P 
respectively between successive eigenvalues of A and B are constants and so, they defined the new form 
of probability densities as 

PAin) - Paian)/5a, ^ B (") = Pb{bn)/Sh. (41) 

From the completeness and orthonormality of the eigenstates of .4 and B it follows that J2n=o ^^("')'^a — 
1 = X]n=o PB{n')S(,. Hence, it is now possible to define new quantities i?^ and i?B, 

s 

Ra = -Y^ SaPA{n) \nPA{n) = 5^ + ln(5„ (42) 



Rb = ~J2 ^bPein) InPB(n) = 5e + In-^fc. (43) 

In the light of the above discussion Vaccaro et al. showed that working with Rj^ and i?B instead of Sj^ 
and 5'b leads to following entropic uncertainty relation |20j 

Ra + Rb>H'^t^), (44) 

which is independent of the dimension of the space. The equality holds for eigenstates of A and B. 
By considering equations (10), (24) and (27), we can identify general conjugate operators A and B 
with the phase and number operators, (f>f and by choosing /? = 1, aq = a-nd 6o in (38|. 
Henceforth, the entropic uncertainty relation for number and phase read as 

R^ + Rn> ln(27r). (45) 

Now, we have all requirements to introduce the number-phase entropic uncertainty relations for gener- 
alized coherent states associated to solvable quantum systems with degenerate discrete spectra. In the 
infinite s limit, the sum in (42 1 leads to following integral [TUl [20] 

R^^- PD{o)\nPD{e)de, (46) 

J Bo 
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where Pd{0) is the phase probabihty distribution obtained in (30). On the other side the entropy of 
the number operator is defined as 

oo 

Rn ^ |(n,d„,?7„|z,{p„},r;)|^ln(|(n,d„,?7„|z,{p„},r7)|^). (47) 



By using ([8|) the right hand side of ( 47 ) can be straightforwardly inverted to 
where }J'p{\zf') has been defined in M. 



(48) 



4 Some physical realizations of the formalism 

Now, we are ready to apply the presented formalism to any physical system with known degenerate 
discrete spectra. We followed our research by applying the approach to two particular quantum sys- 
tems: (i) a particle in a two-dimensional quantum square box and (ii) the three-dimensional harmonic 
oscillator. 

4.1 A particle in a two-dimensional quantum square box 

The energy eigenvalues for a particle with mass M in a two-dimensional quantum square box with sides 
a are given by 

e„,m = ;nrr^("^ + "*^) = ^o(?^^ + m2), (49) 
iM 

with n, m > 1. We assume that h = 1 = loq and so en,m = + . The first 23 different energy 
eigenvalues appearing in the spectrum are given in increasing order by: 

{2, 5, 8, 10, 13, 17, 18, 20, 25, 26, 29, 32, 34, 37, 40, 
41, 45, 50, 52, 53, 58, 61, 65}. (50) 

Rearranging and shifting the energy spectrum such that the fundamental energy being equal to zero we 
have indeed: = e„.,„ — 2 = rt^ + m? — 2 which lead to the following spectrum: 

Po = 0, pi = 3, p2 =6, p3 = 8, Pi = 11, p5 = 15, p& = 16, 
P7 = 18, P8 = 23, P9 = 24, pio = 27, pn = 30, pi2 = 32, 
Pi3 = 35, pi4 = 38, pi5 = 39, pi6 = 43, pn ^ 48, pis = 50, 

Pi9 = 51, P20 = 56, P21 = 59, P22 = 63. (51) 



Recall that each energy p„ has (i„-fold degeneracy. Corresponding to the set (51 1, we thus have [7] 



do = 1, di= 2, d2 = 1, = 2, = 2, ^5 = 2, de = 1, 

= 2, 4 = 2, dg = 2, dio = 2, dn = 1, ^12 = 2, dig = 2, 
di4 = 2, di5 = 2, di6 = 2, di7 = 3, dis = 2, dig = 2, d2o = 2, 

d2i - 2, d22 = 4. ; (52) 

Using the above set of numbers, we are interested in paying attention to the nonclassical properties of the 
associated coherent states may be constructed using ([8|. Now, we present our numerical result. Fig. 1 
shows the Mandel parameter of the coherent states associated to a particle in a two-dimensional quantum 
box as a function of z € M. The figure shows super- Poissonian statistics (Qd > 0) for 3.6 < z < 5.7 
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and sub-Poissonian statistics {Qd < 0) elsewhere. For z > 14, Mandel parameter is almost equal to 
— 1, which is the minimum value corresponding to number states as the most nonclassical states. In 
Fig. 2 we have plotted the Pegg-Barnett phase distribution against 6 for various fixed values of z € K 



using (30). From the figure it is seen that, Pd{(^) has a single peak at 9 = 0, and as z increases the 
peak becomes sharper and higher. To observe squeezing behavior in number or phase operators for 
the particular generalized coherent states we have plotted Sn and against z in Fig. 3. From the 
figure we find that, the squeezing parameters have opposite behavior, i.e., as z increases S/^ increases 
while decreases. In detail, for z < 1.2, Sn < and S'^ > implying squeezing occurrence in the 
number component. For 1.2 ^ z < 1.9 there is not any squeezing effect in neither of the conjugate 
components. But, as z becomes greater than 1.9 we find that becomes negative indicating squeezing 
in the phase operator. In Fig. 4 we have plotted R^, Rn and their sum against z G M for the associated 



coherent state. As it may be expected, the lower bound of the sum i?jv + R4> for all z according to (45) 
is satisfied. The sum R^ + R4, is In (27r) at z = due to the fact that the vacuum is an eigenstate of 
number operator. 

4.2 Three-dimensional harmonic oscillator 

The energy eigenvalues for three-dimensional harmonic oscillator in cartesian coordinates are given by 

3 

en,m,i = in + m + I + -)huj. (53) 

According to the mentioned procedure we have the following expressions for the rearranged spectrum 
and number of degeneracies 

= n + m, + I = u, (54) 
which are necessary for constructing the coherent states for three-dimensional harmonic oscillator ac- 



cording to ([8|). In writing (54 1 we have assumed h ^ 1 = uj. 

Fig. 5 shows the Mandel parameter of the coherent states of the three-dimensional harmonic oscillator 
as a function of z. The sub-Poissonian statistics (Qd < 0) will be evident for all value of z. In Fig. 6 
we have displayed the Pegg-Barnett phase distribution for the corresponding coherent states against 9 
for different fixed values of z S K. The behavior of Pd{9) in this case is qualitatively similar to Fig. 
2 for a particle in a two-dimensional box. From Fig. 7 we find that the squeezing parameters have 
opposite behaviors and show number or phase squeezing in small and large values of z, respectively. 
For the interval 0.4 < z < 0.7 squeezing effect neither in number nor in phase component is observed. 
Fig. 8 shows Rn and their sum against z S M for generalized coherent state associated to three- 
dimensional harmonic oscillator. It can be observed that the sum Rn + R4, for all z is greater than 
In (27r) and at z = it gets it's minimum value due to the fact that the vacuum is an eigenstate of 
number operator. 

We also applied the presented formalism to two-dimensional harmonic oscillator where — n + m = v 
and dv = V + The results are qualitatively the same as what obtained for three-dimensional harmonic 
oscillator and therefore we will not bring them here. 

5 Gazeau-Klauder coherent states associated to solvable quan- 
tum systems with degenerate discrete spectra 

At this point we would like briefiy noticing the link between Gazeau-Klauder coherent states [8 and 
the states introduced in (|8| . Upon the proposal introduced in J] , by the action of the evolution type 
operator 

^o(7) = e-'('J^)^-, (56) 
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on the states in (|8| , one can obtain the analytical form of Gazeau-Klauder coherent states for discrete 
and degenerate spectra as 



\z,l,{Pn},ri} = A/'p(|z|^)"^/2 V — ==^|n,d„,?7„ 

„=o V [/'"]• 



(57) 



where 7 G M and we have assumed h — 1 — lj. These set of states is the same as generalized coherent 
states which introduced by Dello Sbarba and Hussin 7\. Although the coherent states introduced by 
Ali and Bagarello in [5, seem to be similar to our introduced states, but they are not exactly the same. 
Indeed, the difference comes out from the fact that our basis |n,d„,77„) which have been used for the 



construction of the states (|8|) are not normalized (see equation ([7|)). The introduced states in (57 1 are 
the right eigenstates of the following annihilation operator 



00 ^ 



AS 



The corresponding creation operator is obtained as 



n+l 



00 



(58) 



(59) 



where Hp^ and Hp^j^-^ were introduced in (17) and (18 1. Setting 7 = t in (56) one can inter- 
pret the states in (57) as the time evolution of the states in ([s]) [9 . It can be easily observed that 
exp (— ii?£)i)|2:, 7, {/9„}, 77) = |2;,7 + {p„}, r/), i.e., these states are temporally stable. The state (57) 
provides us with a powerful and at the same time simple formalism to investigate the nonclassical prop- 
erties of state (|8| as time goes on. Making use of (57 1 and following the same procedure leads to (13), 
(14) and (48), exactly the same results for Qm Sm and Rn are again obtained. But, for the phase 



distribution of the temporally stable states (57), the relation (30) straightforwardly changes to 



dndk 



n k<n 

X COS [{n - k)0] COS [(p„ - pk)'j 



(60) 



At last, after using (60) in (33) and (|46[) the following expressions for the phase variance and entropy 



associated with the phase operator can be obtained, respectively 



d^PDiO,j)d9- 



ePD{e,-i)de 



ANp{\z\ 



n k<n 



dnd. 



[PuV\Pk] 



PoiOn) \nPD{e,-i)de. 



(61) 



(62) 



For the physical appearance of the latter states, we apply it to a particle in a two-dimensional quantum 
box and three-dimensional harmonic oscillator. In Fig. 9a we have plotted the sum Rjq + Rcf, against 
2; G M and 7 (dimensionless time) for a particle in a two-dimensional quantum box. Fig. 9b is the cross 
sections of Fig. 9a for some various fixed values of z S M. The figure shows oscillatory behavior of the 
quantity as 7 increases. We have plotted the sum Riq + R^ against z and 7 for the three-dimensional 
harmonic oscillator in Fig. 10a. It's oscillatory behavior with 7 is clearly seen. The cross section of 
Fig. 10a has been shown in Fig. 10b for some fixed values of z e M. 
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6 Summary and conclusion 



We have introduced the generahzed coherent states for solvable quantum systems with degenerate dis- 
crete spectra. Then, we studied their nonclassicality features through discussing the quantum statistical 
properties of the obtained states by paying attention to Mandel parameter. Also, quadrature squeez- 
ing has been discussed. Although we found no quadrature squeezing, but the states behave like the 
well-known intelligent states irrespective of the characterizations of the quantum systems. Number and 
phase squeezing, as well as number-phase entropic uncertainty relation of these states have been inves- 
tigated through the Pegg-Barnett formalism. Next, the proposal has been applied to a few particular 
physical systems with known degenerate spectra and their nonclassical properties have been investi- 
gated, numerically. It is found that, the generalized coherent states for considered physical systems 
obey sub-Poissonian statistics for some intervals of 2; e M and exhibit phase or number squeezing for 
different ranges of real values of z. Also, they satisfy number-phase entropic uncertainty relation for 
all values of z. At last, we study the time evolution of nonclassical properties of the particular states 
associated to physical systems, with the help of the temporally stable Gazeau-Klauder coherent states 
approach. We found that the sum of the entropies of the number and phase operators, satisfy the 
entropic uncertainty relation and oscillates with time. 
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Figurc 1: Plot of Mandcl parameter of the generalized coherent states versus z for a particle in a 
two-dimensional quantum square box. 




Figure 2: Pegg-Barnett phase distribution against 6 for various fixed values of € K for a particle in a 
two-dimensional quantum square box. 
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Figure 3: Plots of (solid curve), S'jv (dashed curve) against 2; e M for a particle in a two-dimensional 
quantum square box. 




Figure 4: Plots of (dot-dashed curve), Rn (dashed curve) and their sum (solid curve) against 2; e K 
for a particle in a two-dimensional quantum square box. 
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Figure 5: Plot of Mandel parameter of the generalized coherent states versus z for three-dimensional 
harmonic oscillator. 




Figure 6: Pegg-Barnett phase distribution against for various fixed values of ^; e M for three- 
dimensional harmonic oscillator. 
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Figure 7: Plots of (solid curve), 5jv (dashed curve) against ^; e R for three-dimensional harmonic 
oscillator. 




Figure 8: Plots of (dot-dashed curve), Rn (dashed curve) and their sum (solid curve) against z gM. 
for three-dimensional harmonic oscillator. 



15 



D 

(a) 




Figure 9: (a) Three-dimensional graph of Rn + R4, for a particle in a two-dimensional quantum square 
box. (b) Plot of Rpf + i?0 against 7 with z = 2 (dot-dashed curve), z = 5 (dashed curve) and z = 20 
(solid curve) for a particle in a two-dimensional quantum square box. 
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Figure 10: (a) Three-dimensional graph of Rj\j + f^or three-dimensional harmonic oscillator, (b) Plot 
oi Rn + R4, against 7 with z — 2 (dot-dashed curve), z = 5 (dashed curve) and z — 20 (solid curve) for 
three-dimensional harmonic oscillator. 
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